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We present and study a conformally coupled dark energy model, characterised by an interaction
between a tachyon field φ, with an inverse square potential V (φ), and the matter sector. A detailed
analysis of the cosmological outcome reveals different possibilities, in contrast with the previously
studied uncoupled model, for which there exists only one stable critical point that gives late-time
acceleration of the Universe. The introduction of the coupling translates into an energy exchange
between the fluids. We find the interesting possibility of the emergence of a new fixed point, which
is a scaling solution and an attractor of the system. In this case, it is possible to describe an
everlasting Universe with Ωφ ' 0.7, therefore alleviating the cosmic coincidence problem. However,
we find that, in order for the evolution to be cosmologically viable, there is the need to introduce
one uncoupled matter species, dominant at early times.
I. INTRODUCTION
The discovery of the accelerated expansion of the Uni-
verse by the Supernova Cosmology Project [1] and the
High-z Supernova Search Team [2] in 1998 resulted in
drastic changes regarding our knowledge of the Universe.
Based on several cosmological observations [3, 4], it is
very well established that the Universe is currently un-
dergoing a period of accelerated expansion. These results
indicate that there seems to exist an unknown source of
energy/matter component, which happens to be the most
abundant among the known constituents of the Universe.
Such an energy source would need to have an equation of
state (EoS) parameter characterised by an effective neg-
ative pressure in order to explain the observations and
is generally classified under the broad heading of dark
energy (DE) [5].
The simplest model of dark energy is represented by
the cosmological constant Λ, related to a cosmological
source with a constant EoS parameter wΛ = −1, and is
called the ΛCDM model [6, 7]. CDM stands for a cold
dark matter [8, 9] component, needed to explain the mea-
surements of the rotation curves of galaxies, which are
not in agreement with the theoretical predictions based
on Newtonian mechanics [10]. However, according to the
standard ΛCDM model, the Universe in the present day
appears to be extremely fine-tuned, as this cosmological
constant seems to have begun dominating the univer-
sal energy at a very specific moment. This is known as
the cosmic coincidence problem and stands for one of the
various conceptual problems related to the ΛCDM model
[11–13]. In attempts to avoid these problems, the cosmo-
logical constant is often generalised to a dynamical scalar
field, whose time evolution could more naturally result in
the energy density observed today [14, 15].
Scalar field based theories of dark energy are most
commonly described by a canonical scalar field ϕ, the
quintessence field [16–24]. This is the simplest scalar field
scenario, corresponding to a consistent field theory gen-
eralisation of the classical nonrelativistic particle frame-
work, characterised by a Lagrangian density of the form:
Lquin = −1
2
∂µϕ∂
µϕ− V (ϕ). (1)
Analogously, one could look for a natural scalar field
generalisation of the Lagrangian for a relativistic particle.
As addressed in Ref. [25], this can be written as
Ltach = −V (φ)
√
1 + ∂µφ∂µφ, (2)
where the field φ is termed the tachyon field. In this
manuscript we adopt the system of natural units, such
that c = ~ = 1, for the speed of light and Planck’s con-
stant. In this framework the quintessence and tachyon
scalar fields have dimensions of mass and mass−1, re-
spectively.
This relativistic approach includes the description of
massless particles with a bounded well-defined (relativis-
tic) energy. Also, it is possible to treat the mass as a
function of the scalar field [26], through V (φ).
The tachyon scalar field is widely studied in the con-
text of string theory, due to its crucial role in the Dirac-
Born-Infeld (DBI) action, used to describe the D-brane
action [27–31]. Tachyons were originally proposed as hy-
pothetical particles which could travel faster than light.
However, in the context of field theory, this has acquired
new meaning and tachyons are associated with the de-
scription of quantum states with negative mass squared.
This translates into a vacuum instability which is rep-
resented by the negative sign in Eq. (2). The poten-
tial is initially at a local maximum, that is, the field is
very precisely balanced at the top of the potential, and
any small perturbation will destabilise the system and
cause the field to roll towards the local minimum. By
virtue of this process, the quanta become well-defined
particles with a positive, real-valued mass. It has been
shown that, in certain dynamical regimes (while not in
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2general), an equivalence can be made between the tachy-
onic, Eq. (2), and quintessence Lagrangians, Eq. (1) [32].
One interesting feature is the fact that, regardless of the
form of the potential, the equation of state parameter of
the tachyon field is constrained to a range between −1
and 0, and, therefore, phantomlike behaviour is not al-
lowed for a tachyon field, with the Lagrangian density
given in Eq. (2).
It has already been shown that tachyons could play a
useful role in cosmology [33–47]. Tachyons as a source of
dark energy have also been the focus of many studies [48–
50]. In Ref. [51] a complete dynamical study of a dark
energy scenario in the presence of a tachyon field and a
barotropic perfect fluid for specific forms of the potential
was performed. This was also done in Ref. [52] for a
general form of the potential. For the tachyon field, the
simplest case corresponds to the inverse square potential,
which was studied with dynamical system techniques, for
example, in Refs. [51, 53]. Other forms for the potential
were considered in Refs. [54, 55].
The simplest dynamical DE models assume that the
scalar field does not couple to the other matter forms.
Taking purely phenomenological arguments, there is no
reason to believe that this should be the case. Conse-
quently, the simplest extension is to assume that the field
is allowed to couple nonminimally to the matter sector
(usually to the dark matter fluid) [56–58]. From a dy-
namical system point of view, the advantage of introduc-
ing interacting dark energy models is the prospect of ob-
taining new scaling solutions in which the DE field shares
with the matter sector a constant, nonvanishing fraction
of the total energy density. The emergence of these so-
lutions is a valuable feature of any model, as they can
be employed in order to alleviate the coincidence prob-
lem. The possibility of an interactive dark energy scalar
field coupled to a matter component and its respective
cosmological consequences were seminally discussed in
Refs. [56–59]. The so-called coupled quintessence mod-
els were first introduced and analysed in Refs. [60, 61]
as an extension of nonminimally coupled theories [62].
A variety of different models were soon proposed and
are distinguishable by the form of the coupling [63–78].
Coupled tachyonic models have also been considered for
different coupling functions [79–85].
Most commonly, the coupling function is taken to de-
pend upon parameters of the model such as the Hubble
rate H, the scale factor a, the fluid and/or field’s energy
density ρ, and the field φ and/or its derivatives, and it
is imposed at the level of the field equations, with its
cosmological implications being studied afterward. How-
ever, the coupling could be more naturally generated.
One way to introduce a nontrivial coupling between the
scalar field and matter is to envision that matter particles
follow geodesics defined with respect to a transformed
metric g˜µν which is related to the gravitational metric
gµν by means of a conformal transformation, casting the
interaction into a Lagrangian description [86].
In this work, we propose a tachyonic dark energy model
in which the DE field is allowed to couple to the matter
sector by means of a conformal transformation of the
metric. The evolution of the DE scalar field under this
model is characterised by an inverse square potential and
a power-law coupling function. We study how the intro-
duction of the coupling affects the dynamics of the model
and the corresponding cosmological outcome, in compari-
son with the previously studied uncoupled tachyonic dark
energy model [48, 51, 52]. In the latter, there exists only
one stable critical point capable of describing the late-
time acceleration of the Universe, corresponding to a to-
tally dark energy dominated future configuration. The
conformally coupled model, by contrast, provides a scal-
ing solution, allowing for different regimes [87]. Based
on the dynamical analysis, we conclude that this model
is capable of reproducing the cosmic history of the Uni-
verse.
The paper is structured as follows: In Secs. II and III
the cosmological model is introduced and the background
equations are derived for a spatially flat Friedmann-
Lemaˆıtre-Robertson-Walker (FLRW) Universe. Then, in
Sec. IV, we derive the equations of motion in terms of
some convenient dynamical variables. Additionally, we
provide a detailed study of the evolution of the system,
as a function of the parameters. This allows for the inves-
tigation of viable cosmologies and for a detailed analysis
of the cosmological predictions of the model, in direct
comparison with the purely uncoupled case. This study
is summarised in Sec. VI. Additionally, in Sec. V, we
comment on the interpretation of the presence of the cou-
pling as a contribution to an effective potential for the
theory. Finally, we conclude in Sec. VII.
II. THE MODEL
Let us consider a four-dimensional spacetime manifold
M endowed with a metric gµν . We are interested in
studying how a conformal coupling between dark energy
and matter can affect the dynamics of the Universe. To
do so, from now on we assume the possibility of having
conformal transformations of the metric from the Ein-
stein frame to the Jordan frame,
giµν 7−→ g˜ iµν = Ci(φ) gµν , (3)
where Ci(φ) are the conformal coupling functions and a
tilde denotes quantities in the Jordan frame. Hereafter
we will simply write Ci ≡ Ci(φ).
We find
gµν 7−→ g˜iµν = 1
Ci
gµν (4)
for the inverse of the conformal metric, Eq. (3), and
g ≡ det(gαβ) 7−→ g˜i ≡ det(g˜ iαβ) = C 4i g, (5)
for the determinant of the metric.
3We suppose that the field φ in the conformal transfor-
mation, Eq. (3), is the one portraying dark energy, and
therefore the coupling between matter and dark energy
is fully accounted for if we consider that the gravitational
Lagrangian depends on the metric gµν , and that the mat-
ter Lagrangian is a function of the conformal metric g˜iµν
defined in Eq. (3). For this purpose, we consider a scalar-
tensor theory in the Einstein frame with action
S =
∫
d4x
√−g
[
M2P
2
R+ Lφ(φ,X)
]
+
∑
i
∫
d4x
√
−g˜i L˜i(g˜ iµν , ψi, ∂µψi),
(6)
where MP ≡ 1/
√
8piG is the reduced Planck mass and R
is the Ricci scalar, which depicts the geometrical sector
of the Universe and, therefore, is defined in terms of gµν .
The term Lφ stands for the Lagrangian density of the
scalar field (associated with dark energy). Finally, L˜i is
the Lagrangian for each of the matter fluids, allowed to
depend on ψi and its derivatives, where ψi denotes matter
fields propagating on geodesics defined by the metrics
g˜iµν .
Throughout this chapter, we shall consider that the
role of dark energy is played by a tachyon scalar field.
This means that we take the tachyonic Lagrangian given
in Eq. (2), which may equivalently be written as
Lφ = −V (φ)
√
1− 2X, (7)
where X = − 12gµν∂µφ∂νφ is the kinetic term associated
with the tachyon scalar field φ, and V (φ) is a general
self-coupling potential. It can immediately be noted that
the assumption 1 − 2X ≥ 0 is needed in order to assure
one that the Lagrangian is real valued.
Variation of the action in Eq. (6) with respect to the
metric gµν leads to the Einstein field equations in the
Einstein frame
Gµν ≡ Rµν − 1
2
gµνR = κ
2
(
T φµν +
∑
i
T iµν
)
, (8)
where κ ≡M−1P is the scaled gravitational constant, Gµν
is the Einstein tensor, Rµν is the Ricci curvature tensor,
both computed from gµν , and T
φ
µν and T
i
µν are the energy-
momentum tensors for the scalar field φ and the matter
fluids, defined, respectively, as
T φµν ≡ −
2√−g
δ
(√−gLφ)
δgµν
, T iµν ≡ −
2√−g
δ
(√
−g˜i L˜i
)
δgµνi
.
(9)
From the expression of the tachyonic Lagrangian density,
Eq. (7), and the previous definition, we gather that the
energy-momentum tensor for the tachyon field reads
T φµν = V (φ)
∂µφ∂νφ√
1 + ∂αφ∂αφ
− V (φ) gµν
√
1 + ∂αφ∂αφ.
(10)
The Einstein tensor Gµν is divergenceless, ∇µGµν = 0,
and from this relation it follows that
∇µ
(
T φµν +
∑
i
T iµν
)
= 0. (11)
As expected, since the L˜i terms depend on the field φ
(through g˜iµν), the energy-momentum tensors of dark en-
ergy and coupled matter fluids are not separately con-
served.
The energy-momentum tensor in the Einstein frame,
as defined in Eq. (9), is related to the one in the Jordan
frame as
T αβi =
√
−g˜i√−g
δg˜ iρσ
δgαβ
T˜ ρσi , (12)
where
√
−g˜i/√−g is the Jacobian of the transformation,
defined in terms of the determinants of each metric, re-
lated by Eq. (5).
The coupled equation of motion for the scalar field is
computed from variation of the action in Eq. (6) with re-
spect to φ (again recalling that L˜i depends on φ through
g˜iµν):
φ− ∇
µ ∂νφ∂µφ∂νφ
1 + ∂µφ∂µφ
− V,φ
V
= −
√
1 + ∂µφ∂µφ
V
∑
i
Qi,
(13)
where  = gµν∇µ∇ν is the d’Alembert operator, and
Qi =
1
2
√
−g˜i√−g
(
Ci,φ gµν T˜
µν
i
)
=
Ci,φ
2Ci
Ti (14)
is the interaction term associated with the ith cou-
pled fluid, where Ti ≡ gαβTαβi is the trace of the
energy-momentum tensor Tµνi . Even though the energy-
momentum tensor for each fluid is not independently con-
served, according to Eqs. (10), (11), and (13), we find the
conservation relations
∇µT φµν = −
∑
i
Qi ∂νφ (15)
and
∇µT iµν = Qi ∂νφ. (16)
III. BACKGROUND COSMOLOGY
For cosmological applications, we consider the homo-
geneous, isotropic, spatially flat FLRW Einstein frame
metric defined according to
ds2 = gµν dx
µdx ν = −dt2 + a2(t) δij dx idx j , (17)
where t is the cosmic time, and a(t) > 0 is the scale factor
which describes the expansion of the Universe [defined in
a way such that a(ttoday) = 1].
4We assume energy.momentum tensors of a perfect fluid
form for each of the i components:
T iµν = (ρi + pi)uµ uν + pi gµν , (18)
where ρi and pi are, respectively, the Einstein frame en-
ergy density and pressure for the ith matter fluid, and
uµ is the fluid’s four-velocity for a comoving observer,
which, by definition, satisfies uµuµ = −1.
The energy-momentum tensor of the field can also be
thought of as having a perfect fluid form,
T φµν = (ρφ + pφ)uµ uν + pφ gµν , (19)
provided that, and according to Eq. (10), the field’s en-
ergy density and pressure are written as
ρφ =
V (φ)√
1− φ˙2
and pφ = −V (φ)
√
1− φ˙2, (20)
where, analogously, ρφ and pφ are the energy density and
pressure for the field. Directly from Eq. (20) we gather
that
wφ =
pφ
ρφ
= φ˙2 − 1, (21)
for the EoS parameter of the field. Note that the as-
sumption 1− 2X ≥ 0 now translates into φ˙2 ≤ 1. Conse-
quently, the tachyon field presents a very particular type
of dynamics in the sense that, regardless of the steepness
of the potential, its equation of state parameter always
varies between 0, in which case it behaves like a dustlike
fluid, and −1, resembling a cosmological constant. Also,
this model cannot feature fields with a phantom nature
[5], since that would imply that wφ < −1. In order to
satisfy the current cosmological constraints pointing to
wφ ≈ −1, the kinetic energy of the tachyon scalar field
must be practically negligible at late times, i.e., φ˙2  1.
We directly conclude that the tachyon energy density
evolves according to ρφ ∝ a−p with 0 ≤ p ≤ 3.
The dynamical equations arising from Eqs. (13) and
(16), together with Eq. (18), yield the coupled equation
of motion and the fluid conservation equations:
φ¨+
(
1− φ˙2
)(
3Hφ˙+
V,φ
V
)
=
1
V
(
1− φ˙2
)3/2 ∑
i
Qi,
(22)
ρ˙i + 3Hρi (1 + wi) = −Qi φ˙, (23)
where an upper dot denotes time derivatives and H(t) ≡
a˙/a is the Hubble rate, whose dynamical evolution is de-
termined by the Friedmann equations, computed directly
from the Einstein field equations, together with Eqs. (18)
and (19):
H2 =
κ2
3
(
ρφ +
∑
i
ρi
)
, (24)
H˙ = −κ
2
2
(
ρφ (1 + wφ) +
∑
i
ρi (1 + wi)
)
. (25)
For cosmological purposes, we are interested in the Ein-
stein frame dynamics of the scalar field in the presence
of radiation and matter. Therefore, we consider a matter
sector enclosing effective nonrelativistic and relativistic
perfect fluids. Note that, in this model, the relativistic
fluids are always conformally invariant and, therefore,
do not couple to the dark energy fluid. As a first ap-
proximation, we ignore the contribution coming from the
baryons, due to the stringent constraints from Solar Sys-
tem bounds [88]. This is taken into account in most of the
works present in the literature, on the basis of dark mat-
ter standing for the majority of the pressureless matter
sourcing the right-hand side (rhs) of the Einstein equa-
tions. Taking this into account, it is possible to rewrite
the conservation relations in Eq. (23) as
ρ˙r + 4Hρr = 0, (26)
ρ˙m + 3Hρm = −Q φ˙, (27)
ρ˙φ + 3Hρφ(1 + wφ) = Q φ˙, (28)
where the subscripts (m) and (r) denote matter and radi-
ation fluids, respectively, and Eq. (28) is simply derived
from Eqs. (22) and (15). Q is the interaction term intro-
duced in Eq. (14) for a pressureless matter fluid, i.e., for
wm = 0 and Cm(φ) ≡ C, some arbitrary function of the
φ field, which reads
Q = −C,φ
2C
ρm. (29)
This is the term promoting the exchange of energy be-
tween the species. From Eqs. (27) and (28), we infer
that, whenever Qφ˙ > 0, energy is being transferred from
the matter sector to dark energy, whereas when Qφ˙ < 0,
it is the dark energy fluid which concedes energy to the
matter fields.
Other forms for the coupling function Q, as defined in
Eqs. (22) and (23), have been considered in the literature
and are listed in Table I, where q stands for a constant,
ρ, ρm, and ρφ stand for the energy density of a general
barotropic perfect fluid, a pressureless fluid, and the dark
energy field, respectively. C ≡ C(φ) and f ≡ f(φ) are
free functions of the scalar field (defined at the level of the
action). Inspection of Table I leads to the conclusion that
the general form of the coupling derived in this work is
the same as the one considered in Ref. [80]. However, the
model we study here is fundamentally different because of
the different choices made for the form of the functions f
and C. This translates into a different set of fixed points
and a new phenomenology.
5TABLE I. Couplings of a barotropic nonrelativistic perfect
fluid to a tachyonic dark energy component studied in the
literature, with Q as defined in Eqs. (22) and (23). Note
that ρ, ρm, and ρφ stand for the energy density of a general
barotropic perfect fluid, a pressureless fluid, and the dark
energy field, respectively, and q stands for a constant, C ≡
C(φ), and f ≡ f(φ).
Reference Q
Gumjudpai et. al (2005) [79] −qρ
Farajollahi and Salehi (2011) [80] − f,φ
f
ρ(1− 3w)
Landim (2015) [82] − q
H
ρmρφ
Shahalam et. al (2017) [83] −qρ˙φ/φ˙
This work −C,φ
2C
ρ(1− 3w)
IV. DYNAMICAL SYSTEM
In order to study the evolution of the Universe under
this model, we reduce the above system of Eqs. (22)–
(25) and (29) to a set of first order autonomous differ-
ential equations. To do so, we introduce the following
dimensionless variables, generalising the ones introduced
in Ref. [51]:
x ≡ φ˙, y2 ≡ κ
2V
3H2
, z2 ≡ κ
2ρm
3H2
, r2 ≡ κ
2ρr
3H2
,
λ ≡ − 1
κ
V,φ
V 3/2
, σ ≡ − 1
κ
C,φ
CV 1/2
,
(30)
where λ stands for the steepness of the potential function
and σ relates the form of the conformal coupling function
with the definition of the potential. For what concerns
this work, we will consider λ and σ to be constants, i.e.,
the only free parameters of the model. This choice cor-
responds to a scalar field potential, V , and a conformal
coupling function, C, of the form
V (φ) =
V 20
φ2
, for λ 6= 0 and
C(φ) =
(
φ
φ0
)−2σ
λ
,
(31)
where V0 ≡ 2/(κλ) is a mass scale associated with the
scalar potential. Also, note that for tachyonic dark en-
ergy, the simplest closed system of autonomous equations
is the one characterised by the inverse square potential
[51, 53] and not by the exponential potential, in contrast
with canonical quintessence [18, 20, 22] (the constant po-
tential with λ = 0 represents the trivial case, leading to
a cosmological constant type of behaviour). The particu-
lar case of σ = 0, i.e., of a totally uncoupled setting, was
previously studied in, for example, Ref. [51].
Making use of these variables, we can also define the
density parameter and the equation of state parameter
for each fluid:
Ωφ =
y2√
1− x2 , (32)
Ωm = z
2, (33)
Ωr = r
2, (34)
wφ = x
2 − 1. (35)
From Eqs. (32)–(34) we rewrite the Friedmann con-
straint in terms of the dimensionless variables
Ωφ + Ωr + Ωm = 1 =⇒ y
2
√
1− x2 + r
2 + z2 = 1, (36)
which we used to replace z in terms of x, y, and r, re-
ducing the dimension of the dynamical system.
From Eq. (29) and using the definition of the dynam-
ical variables in (30) and Eq. (36), the interaction term
can be recast into
2κ2
3H3
Q =
√
3σ y
(
1− r2 − y
2
√
1− x2
)
. (37)
Taking the expression of the interaction term in Eq. (37)
and the variables defined in Eq. (30), we can write the
system of autonomous equations, Eqs. (22)–(25), as
x′ =(x2 − 1)
[√
3σ
2 y
(
r2 +
y2√
1− x2 − 1
)√
1− x2
+3x−
√
3λ y
]
, (38)
y′ =− y
2
(√
3λx y + 2
H ′
H
)
, (39)
r′ =− r
(
2 +
H ′
H
)
, (40)
where a prime denotes derivatives with respect to N ≡
ln a and we have used
H ′
H
= −3
2
(
1 +
1
3
r2 − y2
√
1− x2
)
. (41)
The effective EoS parameter can be identified as the
quantity inside the brackets in Eq. (41) such that, us-
ing the Friedmann constraint, Eq. (36),
H ′
H
= −3
2
(1 + weff) =⇒ weff = 1
3
r2 − y2
√
1− x2. (42)
Being a global parameter, weff is the quantity that de-
termines whether the Universe undergoes a period of ac-
celerated (weff < −1/3) or decelerated (weff > −1/3)
expansion. For this particular case, we require that
1
3
r2 − y2
√
1− x2 < −1
3
, (43)
in the present, in order to guarantee an accelerated ex-
pansion of the Universe.
6The integration of Eq. (42), allows us to describe the
evolution of the scale factor with time at any given fixed
point solution,
(
xf , yf , rf
)
, when the dynamical system
is in equilibrium,
a ∝ t2/3(1+wfeff), (44)
with wfeff ≡ weff
(
xf , yf , rf
)
as defined in Eq. (42). The
limit case in which wfeff = −1 reduces the cosmological
evolution to a de Sitter exponential expansion with a
constant Hubble rate.
A. Phase space and invariant sets
Throughout this study, we rely on the fact that 0 ≤
Ωφ ≤ 1, which translates into a non-negative energy den-
sity for the matter and radiation fluids, rendering the
allowed region for x and y:
0 ≤ x2 + y4 ≤ 1. (45)
This constitutes the physical phase space, i.e., the in-
variant set which contains all of the orbits with physical
meaning.
A glance at the system of Eqs. (38)–(40) makes it clear
that the dynamical system is invariant under the map-
pings: (x, y) 7−→ (−x,−y), r 7−→ −r, and (x, λ, σ) 7−→
(−x,−λ,−σ). This implies that, since there is a full sym-
metry under simultaneous sign exchanges, we need only
to analyse the region of the phase space corresponding
to non-negative values of y, r, and λ. The negative val-
ues would lead to the same dynamics under appropriate
reflections. Furthermore, we assume H > 0 in order to
impose an expanding Universe.
B. Fixed points and physical phase space
The system of autonomous equations (38)–(40) is fun-
damentally different for the particular case of σ = 0 and
for σ 6= 0. When σ 6= 0, there is a singularity present
in the system, whenever y = 0, meaning that the flow
is not formally defined over that plane. Therefore, each
separate case has a different set of fixed points.
The fixed points for this system are obtained by setting
the left-hand side of the autonomous equations (38)–(40)
equal to zero. Moreover, we are interested in perform-
ing a stability study, and, whenever possible, we do it
through linear stability analysis. However, this is not al-
ways the case due to the fact that, when σ 6= 0, there are
nonhyperbolic fixed points and this complication will be
addressed further on.
The fixed points for the system (38)–(40) are presented
in Table II, where, for simplicity, we have defined
yD ≡
(√
λ4 + 36− λ2
6
)1/2
and
yS ≡
(√
σ2 (σ − 2λ)2 + 36 + 6
(σ − 2λ)2
)1/2
.
(46)
Note that Table II is divided into three sections, sepa-
rated by a double horizontal line. The first one corre-
sponds to the fixed points which are only found for the
system with σ = 0, the second one contains fixed points
which exist independently of the value of σ, and the last
section allows us to present the new fixed point, associ-
ated with the interplay between the scalar field and the
matter sector when σ 6= 0. The corresponding values of
the density parameter Ωφ, Eq. (32), EoS parameter of
the field wφ, Eq. (35), and effective EoS parameter weff ,
Eq. (42), for each fixed point are also listed. Addition-
ally, we present the range of parameters corresponding
to an accelerated expansion state, according to Eq. (43),
and the stability character of each fixed point solution.
For the sake of completeness, before introducing the
novelties associated with the system with σ 6= 0, we
briefly present the main features of the previously well-
studied system with σ = 0 [51, 53, 82].
1. Case of σ = 0
The fixed points for the system of equations (38)–(40)
with σ = 0 are listed in the first and second sections
of Table II. In this case, all of the fixed points are hy-
perbolic, and, therefore, their stability character can be
inferred simply through linear stability analysis. Some
comments can be stated regarding the existence and sta-
bility of the fixed points:
• The matter dominated fixed point (O) represents
a matter dominated solution (Ωφ = 0, Ωr = 0),
which is consistent with a null effective equation of
state, weff = wm = 0. The scalar field is negligible
near this fixed point. It will always be a saddle
point, which attracts orbits along the x axis and
repels them towards the y axis.
• The kinetic with matter fixed points (A±), due to
the indetermination in Eq. (32), can represent mat-
ter dominated solutions or scalar field dominated
solutions, depending on the direction of the trajec-
tories approaching them: for trajectories close to
the boundary, x2 + y4 = 1, they represent scalar
field dominated solutions, whereas for trajectories
close to the boundary y = 0, they stand for matter
dominated solutions. Accordingly, weff = wm =
wφ = 0 and these fixed points are not capable of
providing accelerated expansion. They are always
saddle points of the system.
7TABLE II. Fixed points of the system of equations (38)–(40) considering a dustlike coupled fluid and the corresponding
cosmological parameters, as defined in Eqs. (32), (35), (45), and (42). The parameter region corresponding to an accelerated
expansion state is evaluated according to Eq. (43). The dynamical stability character is inferred by taking into account the
eigenvalues of the matrix M evaluated at each fixed point. The eigenvalues can be found in Appendix B. The form of yD and
yS is given in Eq. (46). The parameter λ˜ is defined in Eq. (48). Note that, by construction, we are considering λ > 0.
Name x y r Ωφ wφ Existence weff Acceleration Stability
(O) 0 0 0 0 −1 ∀λ, σ = 0 0 No Saddle
(C) 0 0 1 0 −1 ∀λ, σ = 0 1
3
No Saddle
(A±) ±1 0 0 Und. 0 ∀λ, σ 0 No (See text)
(B±) ±1 0 1 0 0 ∀λ, σ 13 No Repeller
(D) λyD√
3
yD 0 1
λ2y2D
3
− 1 ∀λ, σ λ2y2D
3
− 1 λ4 < 12 Stable for σ ≥ λ˜ and
saddle otherwise
(S) 2
√
3
(2λ−σ)yS yS 0
(2λ−σ)y3S√
(2λ−σ)2y2S−12
12
(2λ−σ)2y2S
− 1 σ ≤ λ˜ σ
(−2λ+σ) σ ≤ λ˜ ∧ σ < −λ Stable for σ ≤ λ˜
• Points (B±) stand for kinetic with radiation dom-
ination solutions, characterised by Ωr = r
2 = 1,
and, consistently, a constant effective equation of
state weff = wr = 1/3. Also, we find wφ = 0,
meaning that near these points the scalar field acts
as a dustlike fluid. Moreover, they are indepen-
dent of the choice of the parameters, and we find
that they are always repellers since all of the eigen-
values are realvalued and positive. Being the only
repellers makes them the only possible past attrac-
tors of the system.
• The radiation dominated fixed point (C) is charac-
terised by weff = 1/3 and wφ = −1, which means
that the scalar field (whose contribution, in prac-
tical terms, is negligible) freezes and is akin to a
cosmological constant. It is always present in the
phase space and is a saddle point. This point is the
equivalent on the r ≡ 0 plane to the point (O) on
the r ≡ 1 plane.
• The fixed point (D) corresponds to a scalar field
dominated solution since Ωφ = 1 for every param-
eter value. This fixed point has an explicit depen-
dence on λ, it exists for every constant value of
the parameters, and it always lies on the boundary
x2 + y4 = 1. We find that wφ = weff =
λ2y2D
3 − 1.
Whenever λ4 < 12, it lies inside the area of the
phase space where the Universe undergoes acceler-
ated expansion [79]. It is the global attractor of the
system. Moreover, in the limit λ→ 0, it features a
cosmological constant type of behaviour.
The dynamical analysis of this setting is straightfor-
ward. Since the evolution of the (uncoupled) r compo-
nent is trivial, we focus only on the reduced phase space
in the x-y plane, which is depicted in Fig. 1 for λ = 3.
The future attractor is always the fixed point (D), whose
presence inside the yellow shaded region, depicting accel-
erated expansion, is merely a function of λ. All of the
orbits of the full phase space are solutions which connect
the fixed points (B±) or (A±) to (D), except for the ones
connecting (B±) to (A±), (B±) or (A±) to (O) or (C),
(C) to (O), and (C) or (O) to (D).
This model can be applied in order to describe the
transition between the matter and dark energy domi-
nated eras. However, in this framework, the Universe will
inevitably become totally dark energy dominated and ex-
pand indefinitely. Accordingly, the fixed point solution
can reproduce the present observed matter content of
the Universe. Therefore, in order to successfully repro-
duce the observed matter content of the Universe, one
has to select specific conditions in such a way that the
attractor is not yet reached today, and we are living in
a transient period of the Universe, already with acceler-
ated expansion. This specific set of conditions leads to
the fine-tuning problem.
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FIG. 1. Two-dimensional reduced phase portrait (r ≡ 0) of
the dynamical system given by Eqs. (38) and (39), for λ = 3
and σ = 0. The yellow shaded region denotes the parameter
region for which the Universe undergoes accelerated expan-
sion, Eq. (43). The attractor is the fixed point (D). The orbit
connecting the fixed points (O) and (D) clearly divides the
phase space into two invariant sets.
82. Case of σ 6= 0
The fixed points for the system of equations (38)–(40)
with σ 6= 0 are listed in the second and third sections of
Table II. As stated before, the dynamical system defined
in Eqs. (38)–(40) with σ 6= 0 is singular for y = 0. Away
from the singularity, it is always possible to use the linear
approximation in order to infer the stability character of
the fixed points. For the points which lay on the y = 0
plane, (A±) and (B±), more care must be taken.
• The kinetic with radiation domination points (B±)
are easily regularised because the condition r =
1 fully specifies the asymptotic behaviour at the
singular point. Their stability nature can then
be studied through the same linear stability tech-
niques. The previous analysis still holds, as they
are still the only repellers of the system.
• For the case of the kinetic with matter fixed points
(A±), we find that the indeterminacy can be lifted
only for one of them, (A+) or (A−), depending on
the sign of σ. This point is found to be a saddle, and
a repeller on the r ≡ 0 plane, as in the case σ = 0.
The behaviour of the flow near the other point has
to be studied numerically and will be explained in
detail in Sec. IV C.
• The stability character of the scalar field dominated
fixed point (D), the attractor of the uncoupled case,
may be altered for nonzero values of σ. We find
that for a fixed value of λ, a transcritical bifur-
cation involving (D) and (S) can occur, changing
(D)’s stability nature (see Appendix C for more
details). Since, for symmetry reasons, we are con-
sidering only the case where λ > 0, the fixed point
(D) is stable in the parameter region defined as
σ ≥ λ˜, (47)
with
λ˜ ≡ λ
(
1−
√
1 + 36/λ4
)
. (48)
Otherwise it is a saddle point. This fixed point so-
lution can feature accelerated expansion indepen-
dently of the value of the coupling parameter σ.
• The new fixed point (S) corresponds to a conformal
scaling fixed point, as the cosmological parameters
Ωφ, wφ, and weff depend on the values of λ and σ.
Owing to the restriction in Eq. (45) and λ > 0, this
point is present in the phase space only when
σ ≤ λ˜, (49)
with λ˜ as defined in Eq. (48). It can provide accel-
erated expansion whenever σ < −λ, and it is stable
for Eq. (49). This means that, when its cosmolog-
ical existence is verified, (S) is the attractor of the
system.
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FIG. 2. Illustration of the attractor of the system, accord-
ing to the (σ, λ) parameter region, as defined in Eqs. (47)
and (49). The regions are separated by a solid black line
and are labelled by the critical point that is stable in that
region (according to Table II). The shaded (yellow) areas il-
lustrate the parameter values for which each attractor is ac-
celerated. The dashed curve indicates the parameter values
where Ωφ(S) = 0.7, with some examples of the corresponding
values of wφ(S) labelled.
By looking at the value of weff for the fixed point (S) in
Table II, one interesting feature is that, for a fixed value
of the parameters, we can achieve an accelerating Uni-
verse by means of this scaling solution. This is of great
physical interest since the scaling solution allows for a
more natural description of the comparable values in the
scalar field and matter energy densities, alleviating the
cosmic coincidence problem, as an everlasting expanding
solution with Ωφ ≈ 0.7 can now be achieved, indepen-
dently of the set of initial conditions.
In Fig. 2, we present a depiction of the attractor of the
system according to the parameter region. Note that, for
every value of the parameters λ and σ, there is always
one – and only one – possible attractor of the system.
In Fig. 3, we plot the phase space for λ = 3 and differ-
ent values of σ, for r ≡ 0, since the dynamics associated
with the r component is trivial. This means that only
the late-time matter to the dark energy transition is il-
lustrated, where the contribution of the relativistic fluids
can be neglected. All of the orbits correspond to solu-
tions connecting the fixed points (B±) or (A±) to either
(D) or, when it exists, (S). The only exceptions are the
orbits connecting the fixed points (B±) to (A±) (with
x ≡ ±1 and y ≡ 0) and the orbit from (D) to (S).
For σ > λ˜, there are only three fixed points in the
r ≡ 0 plane, and the dynamics is as portrayed in Figs. 3
(a) and 3 (b).
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FIG. 3. Two-dimensional reduced phase portraits of the dynamical system given by Eqs. (38) and (39) (see text), for r ≡ 0,
λ = 3 and different values of the coupling parameter σ. The black and red points correspond to the fixed points defined in
Table II. The yellow/shaded region corresponds to the region where the Universe undergoes accelerated expansion, as defined
in Eq. (43), and λ˜ is defined in Eq. (48).
For σ < λ˜, there are four fixed points present in the
phase space. Qualitatively, (D) turns into a saddle, and
a new attractor (S) arises. Depending on the value of σ,
the point (S) can be located anywhere starting from the
fixed point (D), along an arc of the parabola (x, y, r) =
(xS, yS, 0), towards the point (0, 1, 0), as σ → −∞. This
feature is depicted in Fig. 3 (d) – Fig. 3 (f). The fixed
point (S) is found only inside the accelerated expansion
region for σ < −λ. Even when the attractor (S) itself
does not meet the previous condition, there are many
solutions which feature a transient period of accelerated
expansion by crossing the yellow shaded region.
In the limit case where σ = λ˜, the fixed points (D)
and (S) coincide and become the attractor of the system.
This limit case is portrayed in Fig. 3 (c).
Note that, for λ > 0 and according to Eq. (49), near
the attractor, (D) or (S), it is always true that φ˙ > 0 (see
Table II). Additionally, the sign of the coupling Q, as de-
fined in Eq. (37), is the same as the sign of σ. This defines
the direction of energy exchange in Eqs. (27) and (28):
if σ > 0, the matter fluid is granting energy to the dark
energy field and, on the contrary, if σ < 0, it is the DE
field which sources the matter sector. This means that,
whenever the scaling solution is allowed to exist, near the
attractor, energy is always being transferred from the φ
field to the matter component.
C. Dynamics of (A±)
As discussed before, the points (A±) are located on
the boundary of the phase space, where the flow is not
formally well defined. Indeed, from a mathematical point
of view, the system of Eqs. (38)–(40) is singular for σ 6= 0
and y = 0.
Let us consider σ > 0. The following treatment is
analogous for σ ≤ 0, with (A+) ↔ (A−). Also, let us
take r ≡ 0 (as represented in Fig. 4), i.e., the dynamics
in the x-y plane, since the dynamics associated with the
r component is trivial. Note that, for σ = 0, in the x-y
plane, the points (A±) are repelling nodes, even though
they are saddle points of the overall system, given their
attracting character over the r component. As we have
seen before, the orbit connecting the fixed points (O) and
(D) divides the phase space into two invariant sets with
past attractors (A−) or (A+) (see Fig. 1).
For any σ 6= 0, we find that the fixed point (O) dis-
appears and (A+) becomes a degenerate fixed point, as
if (O) had migrated to the position of (A+), generating
a fixed point that combines the two. As a result of this
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FIG. 4. Two-dimensional reduced phase portrait of the
dynamical system given by Eqs. (38) and (39) (see the text),
for r ≡ 0, λ = 3, and σ = 0.1. The orbits which have (A−)
and (A+) as past attractors are shown in black and gray,
respectively. There is clearly a separatrix dividing the two
sectors, whose relative size depends on the value of σ. This
is a reminiscent effect of the separatrix given by the orbit
connecting the fixed points (O) and (D) for the case σ = 0.
collapse, there is a saddle sector and a repelling node sec-
tor associated with the fixed point (A+). The boundary
between the two sectors is found only numerically and
is illustrated in Fig. 4 for σ = 0.1. The relative size of
the sectors is controlled by the value of σ. For σ close
to zero, there is a reminiscent effect of the presence of
the fixed point (O), and the node sector is dominant (see
Fig. 4). This scenario is very similar to the σ = 0 case,
where the phase space is divided into two invariant sets,
each with (A+) or (A−) as past attractors. Therefore,
even though the limit σ → 0 is noncontinuous, it corre-
sponds to a smooth transition for almost all of the initial
conditions. For increasing values of σ, this effect fades
and the saddle sector becomes progressively dominant.
In the limit where σ  1, the node sector becomes negli-
gible and (A+) presents an effective saddlelike behaviour
[see Fig. 3 (a) and 3 (b)].
Therefore, albeit mathematically singular, the limit
σ → 0 is physically regular. In cosmological terms, there
is still the same possible “choice” of past attractors for
different initial conditions, meaning that there are still
a certain set of orbits which have (A+)/(A−) as their
past attractors, as was the case for σ = 0. However, the
relative size of this set depends on the value of σ.
V. EFFECTIVE POTENTIAL
An immediate consequence of the energy exchange be-
tween the fluids is that an interaction term is present in
the expression for the energy density of the pressureless
coupled fluid. This can be derived by integration of the
continuity equation for the matter fluid, Eq. (27), with
the coupling Q term given by Eq. (29), leading to
ρm = ρm,0
(
a
a0
)−3(
φ
φ0
)θ
, (50)
where ρm,0 and φ0 are constants, a0 ≡ 1 is the value of
the scale factor today, θ ≡ −σ/λ and the field φ can be
expressed in terms of the potential defined in Eq. (31).
This can be studied, according to the present observa-
tional constraints, in order to restrict the possible values
of the parameters λ and σ. It is also possible to define
an effective potential associated with the scalar field by
rewriting the coupled equation of motion, Eq. (22), as:
φ¨+
(
1− φ˙2
)(
3Hφ˙+
V eff,φ
V eff
)
= 0, (51)
where, for a pressureless matter sector,
V eff,φ
V eff
=
V,φ
V
+
√
1− φ˙2
V
C,φ
2C
ρm, (52)
with ρm given in Eq. (50). By doing so, equation (51)
resembles the uncoupled equation of motion. Taking the
inverse square potential and a power-law conformal cou-
pling function, as described in Eq. (31), the collective ef-
fect of both the potential associated with the scalar field
and the coupling is described by an effective potential of
the form
V eff(φ) = V (φ) · Z(φ), (53)
where V (φ) is the inverse square potential defined in
Eq. (31) and we have defined
Z(φ) ≡ exp

√
1− φ˙2
V 20
ρm,0
a3
θ
θ + 2
φ2+θ
φθ0
 . (54)
where V eff0 = V
2
0 /φ
2
0 is a constant of integration with
units of (mass)4. With this definition, the first term on
the rhs of Eq. (53) corresponds to the standard inverse
square potential, whereas the second term accounts for
the effect of the coupling. This means that, when cou-
pled to the matter sector, the evolution of the φ field is
driven by the properties of the effective potential, which
becomes “matter dependent”. Accordingly, the direction
of energy exchange depends upon the evolution of the
field and the combined sign of σ and λ.
From Eq. (54), it is clear that, taking σ → 0, which
corresponds to the limit in which the coupling term van-
ishes, we recover the inverse square potential V (φ). In
Fig. 5 (left panel), we present an illustration of the com-
position of the effective potential, constructed from the
combination of the inverse square potential and the con-
formal coupling function.
Motivated by the study of the parameter space with
physical interest performed in the previous sections, we
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FIG. 5. (Left panel) Illustration of the composition of the effective potential from the combined effect of the inverse square
potential and the coupling, as described in Eq. (53). This qualitative representation is made in logarithmic scales for the specific
case where n = 1. (Right panel) Illustration of the effective potential as described in Eqs. (53) and (54) for different values of
σ and constant value of λ = 3 and B = 5 × 104 as defined in Eq. (56). Decreasing the absolute value of σ has the effect of
shifting the position of the minimum to larger values of φ (in absolute value). The minimum point for each curve is marked
with a black dot.
take λ > 0, σ < 0, and ρm,0 ≥ 0. In this case, it is easy
to verify that V eff is a function with one minimum value
corresponding to
φm '
[
B
θ
] 1
2+θ
, (55)
with
B ≡ 2V 20 a3
φθ0
ρm,0
(56)
and φm 6= 0. Note that we have implicitly assumed that√
1− φ˙2 ∼ O(1) as the field approaches the minimum of
the potential.
The position of the minimum depends on the scale fac-
tor, a, and on the parameters λ, through V0, and σ. All
of the other variables are considered fixed.
An illustration of the shape of the effective potential
for different values of σ and B = 5 × 104 is presented
in Fig. 5 (right panel). It is easy to see that, by de-
creasing the absolute value of σ the minimum of the po-
tential is shifted to larger values of φ. When σ → 0,
the coupling vanishes and the minimum of the potential
is shifted to φ → +∞, which is consistent with a po-
tential with no minimum value, as was the case for the
uncoupled system. This is a reflection of the fact that the
scaling solution is allowed to exist only when the effective
potential has global minimum values. Also, consistently,
the minimum value of the effective potential, presented
in Eq. (55), is valid only when λ > 0 and σ < 0, corre-
sponding to a power-law form for the conformal coupling
function [see Eq. (31)]. When σ > 0, the conformal cou-
pling function takes the form of an inverse power law,
which has no effective minimum.
VI. RESULTS AND COSMOLOGICAL
ANALYSIS
Finally, we seek viable cosmologies, i.e., trajectories on
the phase space capable of reproducing the expansion his-
tory of the Universe: start deep in a radiation dominated
era, then enter a matter dominated regime, and, finally,
evolve towards the scalar field attractor. The stability
conditions for k-essence models can be found in Ref. [5],
from which we determine that the tachyonic dark energy
model is free from quantum instabilities and superlumi-
nal propagation.
The only fixed points depicting radiation and matter
dominance in the Universe are fixed points with y = 0.
Naturally, this implies that, in this framework, even
though a radiation dominated era is always achieved in
the past, the transition to a matter dominated epoch
can be successfully achieved only if y ≈ 0 at early times.
Hence, we find that it is possible to recover past radiation
and matter dominated eras, leading to the conformally
coupled scenario with (D) or (S) as possible future at-
tractors at late times.
As we have seen from the dynamical analysis of the
model, the introduction of the coupling is accompanied
by the emergence of a scaling solution that, for a spe-
cific value of parameters, is able to provide accelerated
expansion. Indeed, since in this model the relativistic
fluids are not coupled to the scalar field, the deviations
of the cosmological evolution in relation to the uncoupled
case are evident only after radiation domination. Con-
sequently, the radiation-matter equality epoch does not
change significantly in the coupled scenario.
For the uncoupled case (σ = 0), viable cosmologies
correspond to orbits passing close to
(B+) or (B−) and (C) −→ (O) −→ (D).
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In this context, the evolution of the cosmological param-
eters is fully described, according to the information pro-
vided in Table II and is widely addressed in the literature
[23]. The most important trait is definitely the evolution
of the energy densities of the fluids. At early times, radi-
ation always dominates, followed by a matter dominated
era. The late-time transition from a matter to a dark
energy era occurs naturally in the phase space. Even
though it is possible to fit the curves in order to recover
the present observed value of Ωφ ' 0.7 [4], the Universe
will inevitably evolve towards a full dark energy domi-
nated regime.
With the introduction of the coupling (σ 6= 0), we
take the cosmological evolution corresponding to orbits
shadowing the transition
(B+) or (B−) −→ (A+)/(A−) −→ (D) and/or (S).
In this case, there is a new fixed point which is a scal-
ing solution and which can be an attractor for certain
regimes. However, for some values of the parameters,
this solution presents a spirally attractive nature. This
effect is stronger for larger absolute values of σ (and con-
stant λ).
For what concerns the EoS of the tachyon field, as ob-
servations indicate that wφ ' −1 [4], in this framework,
φ˙ must currently be close to zero, requiring either small
values of λ or large negative values of σ. For what con-
cerns the effective EoS parameter, at early times, it must
be close to 1/3 and, as nonrelativistic matter becomes
the dominant component in the Universe, it evolves to-
wards weff = 0 before approaching the value at the at-
tractor which, accordingly, must resemble weff ' 0.7. We
will now consider a few examples on how the scalar field
dominated and the conformal scaling fixed points can be
used to deliver interesting cosmological scenarios. How-
ever, in what follows, we cannot neglect the contribution
of baryons to the energy density budget, which we ig-
nored as a first approximation. We take this component
to be uncoupled to the field, in order to avoid conflicts
related to constraints from Solar System bounds.
1. The scalar field dominated fixed point
Without the coupling, the attractor is always the scalar
field dominated fixed point which can provide an acceler-
ated expanding scenario for λ4 < 12. When the coupling
is present, the fixed point (D) is still a possible attractor
of the system (given that σ ≥ λ˜), which can feature accel-
erated expanding behaviour for the same conditions. The
differences in relation to the uncoupled case can be seen
in the evolution of the EoS parameter of the field. Ini-
tially the field behaves as matter [fixed points (B±) and
(A±)], instead of freezing near wφ = −1 [fixed points
(C) and (O)], before evolving towards the value at the
attractor. This trait is also evident in the evolution of
the energy density of the field, which resembles a cosmo-
logical constantlike evolution for the uncoupled case but
depicts a clear dynamical evolution when the coupling
is present. As for the evolution of the relative energy
densities, the presence of the coupling manifests itself by
a transfer of energy from the matter (DE) into the DE
(matter) fluids for σ > 0 (σ < 0).
An example of the scalar field dominated regime is
illustrated on the left panels of Fig. 6 for λ = 0.1 and
σ = 1, in comparison with the σ = 0 case. The evolution
of the components (except for the energy density of the
field) is similar to the standard ΛCDM model.
2. Scaling solution
On the other hand, if σ ≤ λ˜, with the emergence of
the scaling fixed point (S), it is possible to have an ever-
lasting Universe with Ωφ ' 0.7, therefore alleviating the
cosmological coincidence problem. In these conditions,
an accelerated expanding scenario can be achieved only
for large values of σ, as we saw in Fig. 2. However, if σ
is large and only a small fraction of the matter sector is
in an uncoupled form (baryons), the spiralling behaviour
around the attractor leaves a strong oscillating late-time
signature on the evolution of the cosmological parame-
ters. We expect that this will inevitably lead to large
contributions of the DE field at early times and/or to
instabilities in the perturbations. This problem can be
eased by considering that most of the matter sector is
uncoupled at early times. If we take all of the uncoupled
matter to be in the form of baryons, the abundance of
dark matter must always be subdominant, which suggests
difficulties in the formation of structure in galaxies and
clusters of galaxies. A possible way to soothe this appar-
ent problem is to consider that most of the dark matter is
also uncoupled and only a small fraction interacts with
the scalar field (see, for example, Refs. [89–91]). This
scenario is depicted in the right panels of Fig. 6, where
the cosmic coincidence problem is alleviated by having
Ωφ ' 0.7 at the scaling solution and most of the dark
matter component coupled to the field. The scaling solu-
tion is almost reached at present, apart from the presence
of the baryons in the uncoupled source.
Taking into account the value of Ωφ in Table II, an
approximate empirical relation for σ can be estimated
for a specific value of λ and given values of Ωφ, Ωmu, and
Ωmc at present,
σ ≈ 2λ− λ+
√
λ2 − 12Ωmc/(Ωmc + Ωφ)
Ωmc/(Ωmc + Ωφ)
, (57)
valid in the limit where λ and σ are far larger than unity
and where we have written Ωφ − 1 as Ωmc/(Ωmc + Ωφ).
Given the effective scalar field potential considered in
Sec. V, it is possible to distinguish between two charac-
teristic cosmic evolutions of the system. The left panel
of Fig. 5 shows that the effective potential is not sym-
metric in φ, and furthermore, it is a clear composition of
the effect of the coupling function and the scalar field po-
tential. Therefore, if the initial condition for φ is given
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FIG. 6. Illustration of (top panels) the energy densities, ρφ,m,r, and (middle panels) density parameters, Ωφ,m,r, for the field,
matter (the subscripts mu and mc distinguish between uncoupled and coupled matter sources) and radiation, respectively, and
of (bottom panels) the EoS parameters, weff and wφ. (Left panels) Evolution of the cosmological parameters when the attractor
is the scalar field dominated solution (D) for λ = 0.1 and σ = 1, in comparison to the σ = 0 case. (Right panels) The attractor
is the scaling fixed point (S). At present, we are very close to a Universe evolving under the scaling regime with Ωφ ≈ 0.7 and
Ωmu ≈ 0.05, and the coupling is fixed by λ = 10 and σ = −55, according to Eq. (57).
such that the field is rolling down the effective poten-
tial through the branch where the scalar field potential is
dominant (the left side of the effective potential in the left
panel of Fig. 5), the evolution of the system will resem-
ble the uncoupled regime at early times (characterised
by the uncoupled fixed points in Table II), before evolv-
ing towards the scaling solution, corresponding to the
field oscillating in the minimum of the effective poten-
tial. One example of such an evolution is depicted in the
left panels of Fig. 7, with λ = 10 and the value of σ given
14
6 5 4 3 2 1 0 1
log a
80
70
60
50
40
30
20
lo
g
(ρ
/G
ev
4 )
= 10 = 467
r
mu
mc
6 5 4 3 2 1 0 1
log a
60
50
40
30
20
lo
g
(ρ
/G
ev
4 )
= 10 = 467
r
mu
mc
6 5 4 3 2 1 0 1
log a
0.0
0.2
0.4
0.6
0.8
1.0
Ω
r
mu
mc
6 5 4 3 2 1 0 1
log a
0.0
0.2
0.4
0.6
0.8
1.0
Ω
r
mu
mc
6 5 4 3 2 1 0 1
log a
1.0
0.8
0.6
0.4
0.2
0.0
0.2
0.4
w weff
w
6 5 4 3 2 1 0 1
log a
1.0
0.8
0.6
0.4
0.2
0.0
0.2
0.4
w weff
w
FIG. 7. Illustration of (top panels, logarithmic scale) the energy densities, ρφ,m,r, and (middle panels) density parameters,
Ωφ,m,r, for the field, total matter (the subscripts mu and mc stand for uncoupled and coupled matter sources), and radiation,
respectively, and (bottom panels) the EoS parameters, weff and wφ. The attractor of the system is the scaling fixed point (S)
and the coupling is fixed through λ = 10 and σ = −467, according to Eq. (57), with Ωφ ' 0.7 and Ωmu ' 0.27 at present.
(Left panels) The initial condition is specified such that the field rolls down the effective potential through the branch where
the inverse square potential is dominant, resembling the uncoupled system at early times. (Right panels) The initial condition
for φ is such that the field rolls down the effective potential through the branch where the contribution of the coupling function
is dominant.
by Eq. (57). Note how the energy density of the coupled
matter species is negligible at early times when compared
to the other components. Analogously, the field could be
rolling down the effective potential through the branch
where the contribution of the coupling function is dom-
inant (the right side of the effective potential in the left
panel of Fig. 5), leading to a dynamical evolution of the
system such as described in the previous sections (char-
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acterised by the coupled fixed points in Table II). This
regime is illustrated in the right panels of Fig. 7 for the
same values of λ and σ. In this case, the energy density of
the coupled matter species is higher than the energy den-
sity of the field at early times, highlighting its important
contribution, albeit being subdominant when compared
to the uncoupled components.
In Fig. 7, we take Ωum ' 0.27 today. It can be ob-
served that the final configuration of the Universe corre-
sponding to the scaling solution is not yet reached, and,
consequently, the observed value of Ωφ ≈ 0.7 is valid only
at the present.
Nonetheless, all of the previous examples concern
strong coupling regimes, and typically, in frameworks
such as standard coupled quintessence and growing neu-
trino scenarios, this leads to interactions stronger than
gravity itself and consequently to instabilities in the per-
turbations. This is an issue to be addressed in a future
publication.
In Ref. [15], we find a discussion regarding the range
of values of λ that allow for viable cosmological solutions
given that, for the uncoupled case, the only viable late-
time attractor is the scalar field dominated fixed point
(D). This solution requires λ4 < 12 for the accelerated
expansion to occur near the fixed point solution, which
translates into a constraint on the mass scale of the po-
tential V0: V0 & 1.1MP. The fact that the energy scale of
the potential needs to be greater than the Planck mass in
order to obtain a significant acceleration can be problem-
atic, as General Relativity is expected to break down at
this scale. This apparent problem can be alleviated with
the presence of the scaling solution (S). When that is the
case, accelerated expansion can be achieved for σ < −λ,
meaning that the value of λ is completely free and that
there is an imposition only on the value of σ. Thus, there
are no constraints on the mass of the potential, and the
effect is shifted to the scale of the coupling function.
VII. CONCLUSIONS
In this paper, we have analysed a cosmological model,
where the role of dark energy is played by a tachyon
field φ, coupled to the matter sector by means of a φ-
dependent conformal transformation of the metric ten-
sor. We have considered the simplest known case of an
inverse square potential associated with the tachyon field,
which corresponds to taking λ, as defined in Eq. (30), to
be a constant. This model has already been extensively
studied for the case in which there is no coupling. How-
ever, this is not the most general case, as there is no
fundamental reason to assume that the species should
not interact.
We have derived the cosmological equations depicting
the evolution of the field and the fluids and have per-
formed a detailed dynamical analysis of the system. In
Eq. (30), we have introduced a new quantity, σ, directly
proportional to the interaction term, which, for simplic-
ity, we have taken to be a constant. Consistently, when
σ = 0, there is no interaction allowed between the fluids.
When σ 6= 0, we gather that there are six fixed points
of the system, as presented in Table II. Most of them
are well-known critical points, including one scalar field
dominated fixed point, labelled as (D), which is now a
stable attractor of the system for σ ≥ λ˜, as defined in
Eq. (48). The introduction of the coupling is associated
with the emergence of a new fixed point, labelled as (S),
a potentially cosmological viable scaling solution which
exists and is a stable attractor for σ ≤ λ˜ and, moreover,
can provide accelerated expansion for σ < −λ. It is clear
that the fixed points (D) and (S) are related through a
transcritical bifurcation in the parameter space. We con-
clude that there are two potential attractors of the sys-
tem, characterised by a totally disjoint parameter region,
meaning that there is always one and only one late-time
attractor solution.
Additionally, we have performed a detailed analysis
of the cosmological evolution of the tachyonic coupled
system in two regimes. First, when the attractor so-
lution is the fixed point (D), a direct comparison with
the uncoupled case can be made. The introduction of
the coupling manifests itself through a transfer of en-
ergy from the matter (DE) into the DE (matter) fluids
for σ > 0 (σ < 0), and viable cosmologies correspond
to small values of λ, as λ4 < 12 is needed for accel-
erated configurations. Second, the scenarios where the
late-time attractor is (S) is of great physical interest, as
the scaling solution can be used to alleviate the cosmic
coincidence problem, by consideration of an accelerated
expanding scenario with Ωφ ' 0.7 and weff ' −0.7 to-
day. From the dynamical analysis performed, we gather
that, for certain values of the parameters, the spirally
attractive nature of the scaling solution leads to oscil-
lations in the energy densities, in which case the model
can present problems at the level of the background and,
possibly, at the level of the cosmological perturbations.
This effect can be soothed with the introduction of an
uncoupled matter fluid, dominant at early times, com-
posed by baryons and uncoupled dark matter. We have
seen how the different evolutions of the cosmological pa-
rameters in this framework can be interpreted by means
of an effective potential associated with the scalar field,
comprising the effect of the scalar field potential and the
coupling function.
The fact that the EoS parameter for the tachyon field
always varies between 0 and −1 guarantees that phan-
tom solutions are never present. We have found that the
cosmological history of the Universe can only be repro-
duced if y ≈ 0 at early times, since past radiation and
matter domination eras are achieved by means of fixed
points with y = 0.
In order to further address the question of viable cos-
mologies, we need to dive into perturbation theory. This
is work to be carried out in the future in order to restrict
this model according to the observational constraints.
Additionally, a more general analysis could be performed
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for the case where λ and σ are no longer constant, i.e.,
the potential [51] and the coupling function are left as
free functions of the model.
Finally, we conclude that the conformally coupled
tachyonic system is of great cosmological interest in the
sense that it provides a wide variety of physically distinct
cosmological evolutions and scenarios. Most importantly,
we have found a way of alleviating the cosmic coincidence
problem while keeping the most attractive features asso-
ciated with the tachyon scalar field.
ACKNOWLEDGMENTS
The authors thank Bruno Barros for the assis-
tance with the figures. N. J. N. and E. M. T. ac-
knowledge the financial support by Fundac¸a˜o para a
Cieˆncia e a Tecnologia (FCT) through the Research
Grant No. UID/FIS/04434/2013, by Projects No.
PTDC/FIS- OUT/29048/2017, No. COMPETE2020:
POCI-01-0145-FEDER-028987, No. FCT: PTDC/FIS-
AST/28987/2017, and No. IF/ 00852/2015 of FCT. E.
M. T. was supported by the Grant No. BI-MESTRE-
IF/00852/2015 from FCT.
Appendix A LINEAR STABILITY MATRIX
The stability analysis presented in Sec. IV B, for
the fixed points listed in Table II, is made through
consideration of the eigenvalues of the 3 × 3 linear
stability matrix M, evaluated at each fixed point (the
eigenvalues can be found in Appendix B). For the case
of a pressureless fluid, with x′, y′, and r′ as defined in
Eqs. (38))–(40), the matrix elements Mij are
M11 = ∂x′∂x =
3(r2−1)σ
√
3−3x2x
2y +9x
2+
√
3xy(σ−2λ)−3,
M12 = ∂x′∂y = −
√
3(x2−1)((r2−1)σ
√
1−x2+y2(2λ−σ))
2y2 ,
M13 = ∂x′∂r =
rσ
√
3−3x2(x2−1)
y ,
M21 = ∂y
′
∂x = − 12y2
(√
3λ− 3xy√
1−x2
)
,
M22 = ∂y
′
∂y =
1
2
(
r2 − 9√1− x2y2 − 2√3λxy + 3),
M23 = ∂y
′
∂r = ry,
M31 = ∂r′∂x = 3rxy
2
2
√
1−x2 ,
M32 = ∂r′∂y = −3r
√
1− x2y,
M33 = ∂r′∂r = 12
(
3r2 − 3√1− x2y2 − 1).
Appendix B EIGENVALUES OF THE
STABILITY MATRIX
Here we present the eigenvalues of the matrix M, as
defined in Appendix A, evaluated at each fixed point, as
presented in Table II. The eigenvalues are used to infer
the stability character of each fixed point. The eigenval-
ues for the fixed point (S) are not presented due to their
extensive expression.
• Fixed point (O) (σ ≡ 0):
e1 = −3, e2 = 32 , e3 = − 12 .
• Fixed points (A±) (σ ≡ 0):
e1 = 6, e2 =
3
2 , e3 = − 12 .
• Fixed points (B±):
e1 = 6, e2 = 2, e3 = 1.
• Fixed point (C) (σ ≡ 0):
e1 = −3, e2 = 2, e3 = 1.
• Fixed point (D):
e1 =
1
12
(−λ4 +√λ4 + 36λ2 − 36),
e2 =
1
12
(−λ4 +√λ4 + 36λ2 − 24),
e3 =
1
12λ
(√
λ4 + 36− λ2) (2λ− σ)− 3.
Appendix C BIFURCATION
As addressed in Sec. IV B, the conformally coupled
system features one bifurcation involving the fixed points
(D) and (S). Through inspection of the eigenvalues of the
stability matrix, evaluated at the fixed point (D) (found
in Appendix B), we infer that its stability character de-
pends only on the value of e3:
e3 =
1
12
λ
(√
λ4 + 36− λ2
)
(2λ− σ)− 3. (58)
The remaining eigenvalues are independent of σ and are
negative ∀ λ ∈ R. Hence, if e3 < 0, the fixed point
(D) is an attractor, whereas if e3 > 0, it is a saddle.
Accordingly, its stability character changes when
e3 = 0 =⇒ σ = λ−
√
λ4 + 36
λ2
, (59)
which, according to the local analysis performed in Sec
IV B for each fixed point, coincides with the value of σ for
which the fixed point (S) enters the phase space, as de-
fined in Eq. (49). This, together with a proper analysis of
the numerical behaviour of the system, allows us to recog-
nise that the fixed points (D) and (S) undergo a trans-
critical bifurcation when σ takes the value in Eq. (59)
(for each specific value of λ), which corresponds to the
bifurcation point and was verified numerically.
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